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1. MEASURE THEORY

Definition 1.1 (o-algebra). Let X be a set. A collection A of subsets of X is called a o-algebra if

ec A
e If AC X isin A, then its complement A° = X\A is in A
e Whenever Ag, A1,... are subsets of X in A, then their union

U 4
k=0
also belongs to A.

Definition 1.2 (Measure). Let X be a set, and let A be a o-algebra of subsets of X. Suppose that
p: A —[0,00] is a function. Then y is a measure if

o pu(0)=0
e Whenever Ag, A1,... are pairwise disjoint subsets of X in A, then

p(lJ Ar) =D n(4r)
k=0 k=0

Proposition 1.3 (Properties of a o-algebra ). Let A be a o-algebra of subsets of a set X. Then

° X,@E.A
o If A € A, then je g Ak € A
e [fA,Be A, then AUB,ANBe A

Definition 1.4 (Algebra). A collection A of subsets A of X which satisfies the first two conditions

of a g-algebra and also
e IfABe A then AUBe A

is called an algebra. Every o-algebra is an algebra, but not every algebra is a o-algebra

Definition 1.5 (o-algebra generated by S). Let S be a collection of subsets of X. Let
A(S) = ﬂ{A : Ais a o-algebra , and S C A}

A(S) is called the o-algebra generated by S

Definition 1.6 (Borel o-algebra ). Let X be a metric space and S the collection of all open sets
in X. We call B = A(S) the Borel o-algebra . Sets in B are called Borel sets.

Corollary. We have the following examples of Borel sets.

o Any open set is a Borel set.

e If B is a Borel set, then so is B. If By, B1,... is a sequence of Borel sets, then so are
Usizo Br and ;2o Br-
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1.1. Properties of Measures.

Proposition 1.7 (The Monotonicity Property). If A and B are p-measurable subsets of X with
AC B, then j(A) < u(B).

Proposition 1.8 (The Countable Subadditivity Property). If Ag, A1,... are u-measurable subsets
of X, then

p(lJ Ar) <7 Ay
k=0 k=0

Proposition 1.9 (Monotone Convergence Property of Measures). Let Ay C A; C Ay be an

increasing sequence of measurable sets. Then
(U Ar) = lim p(A4y)
k=0
Proposition 1.10. Let Ag D Ay D Ay... be sets from some o-algebra A. If u(Ap) < oo, then

M(Do Ar) = Hm i Ax)

1.2. Constructing o-algebras and measures.

Definition 1.11 (Lebesgue outer measure). If A C R, let

m*(A) = inf{Z(bk —ai)ax < b, AC (ak,bk)}
k=0 k=0

Proposition 1.12 (Properties of the Lebesgue outer measure). The Lebesgue measure obeys the
following properties.

m*(A) is defined, and m*(A) € [0,00] for any subset of R.

m*(0) =0

If AC B, m*(A) <m*(B)

o For every sequence Ag, A1, ..., we have
o0 o0
m* ([ Ar) <> m*(Ay)
k=0 k=0

Definition 1.13 (Outer Measure). A function p* : P — [0, 00] is such that
o 1*(0)=0
o f AC B, p*(4) < pu*(B)
e For every sequence Ay, Aq,..., we have

o0

wr (U Ar) < (Ar)
k=0

k=0
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Then p* is called an outer measure on X.

Theorem 1.14 (Construction from outer measures). Let u* be an outer measure on a set X. Then
A={AC X |ux*(S)=p"(SNA)+p" (SN A®) forall S C X}

Then A is a o-algebra. Let u(A) = p*(A) when A € A. Then p: A — [0,00] is a measure.

Proposition 1.15. Let pu* be an outer measure, and let A be the o-algebra defined in the last
theorem. Let A C X satisfy p*(A) =0. Then A € A, and so u(A) is defined, and equals 0.

Definition 1.16 (Null set). If u: A — [0, 00] is any measure, then a set A € A satisfying u(A) =0

is called a null set.
1.3. Properties of the Lebesgue measure on R. Let
M={ACR|m=x*(S)=m"(SNA)+m*(SNA°) for all S C R}

The sets in M are called hte Lebesqgue measurable subsets of R. If A € M, the we write
m(A) = m*(A). This real number is called the Lebesgue measure of A.
We now show that this o-algebra M is very large.

Theorem 1.17. Let m* denote the Lebesgue outer measure on R, and let M be the o-algebra of

Lebesgue measurable sets. Then

o IfI CR is an interval. Then m*(I) =1(I). That is, the outer measure is just its length.
o IfI CR is an interval, then I € M.

Proposition 1.18. Any open subset of R is in M. Any closed subset of R is in M. That is, all

open or closed sets in R are Lebesgue measurable.
Corollary. Every Borel subset of R is contained in M.

Proof. M is a o-algebra which contains every open subset of R. The o-algebra B is by definition
the smallest such o-algebra. Thus B C M. O

2. MEASURABLE FUNCTIONS

Definition 2.1 (Measurable function). Let A be o-algebra of subsets of a set X. A function
f: X — R, is called measurable (or A-measurable) if for every a € R, the set

{r e X|f(x)>a}
is in A.

Definition 2.2 (Indicator function). . Let S C X. We define the indicator function of S to be the
function 1g : X — R given by
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1 ifzef
0 ifxgsS

ls(z) =

Proposition 2.3. Let S C X. Then 1g is measurable if and only if S € A.

Proof. Let o € R. Then

0 ifa>1
{reX|lg(x)>a}l=<85 ifo<a<l
X ifa<0
As (), X are in A, then 1g is measurable if and only if S € A. O

Proposition 2.4 (Continuous functions are Lebesgue measurable). Let f : [a, b] — R be continuous.
Then f is Lebesque measurable on [a,b]. More generally, if X C R is in M and f : X — R is

continuous, then f is Lebesgue measurable on X .
2.1. Basic properties of measurable functions.

Lemma 2.5. Let A be a o-algebra of subsets of a set X, and let f : X — R be a function. Then
f is measurable if and only if it satisfies one of the following conditions.

e For each o € R, the set {x € X | f(x) > a} in in A.

e For each a € R, the set {x € X | f(z) < a} in in A.

e For each a € R, the set {x € X | f(z) < a} in in A.

o For each a € R, the set {x € X | f(x) > a} in in A.

Proposition 2.6. Let A be a o-algebra of subsets of a set X, and let f,g : X — R be functions.
Then

e f+ g is measurable (provided that f(x) = co and g(x) = —oo or vice versa holds for no
zeX)

e cf is measurable for any constant ¢ € R.

e fg is measurable.

e f/g is measurable (provided that g(x) is nonzero and not infinity for all x € X ).
Similarly, let fo, fi,---: X — R. Then

e sup{fo, f1,...} and inf{fo, f1,...} are measurable functions.
Corollary. Let f,g be measurable. Then max{f, g} and min{f, g} are measurable functions.

Proposition 2.7. Let A be a o-algebra of subsets of a set X, and let fo, f1,--- : X — R be

measurable functions. Let f(x) = limg_ o fr(z) for each x € X. Then f is a measurable function.
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2.2. Simple functions.

Definition 2.8 (Simple function). Let A be a g-algebra of subsets of a set X. A function p : X — R

is called simple if it is measurable and only takes a finite number of values.

Proposition 2.9. Let A be a o-algebra of subsets of a set X, and let f : X — [0,00] be a

nonnegative measurable function. Then there is a sequence (@) of simple functions such that

e 0<p1(z) <pa(x) <- - < fla) forallz € X.
o f(z) =limy oo pn(x) for allz € X.

Proof. Define the function ¢,, as follows.

Let
k+1

271

k
An7k:{x€X|2—n§f(a:)<
and let A, on = {z € X | f(z) > n}

Then the function

}

namn

Pn = Z 2%1147;,1@

k=0
obeys the required properties. O

3. INTEGRATION

Definition 3.1 (Integration of simple functions). Let ¢ = Z;n:l ajla;. Then the integral [ ¢ dp
of ¢ over X with respect to u is given by

/ pdu ="y a;ju(4;)
X =

Proposition 3.2. Let ¢ and ¥ be nonnegative simple functions on X, and let ¢ > 0 be constant.
Then

o [yotidu= [ pdu+ [(Ydu
o IfO <y <, then
OS/wdué/ b
0 b'e
ofxapdu:cfxgodu

Definition 3.3 (Integral over a subset of X). Let ¢ be a nonnegative simple function, and let

S C X be measurable. Then the integral of ¢ over S with respect to u, denoted fs pdu, is given by

/sodu:/ - lsdp
S X
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3.1. Integration of nonnegative measurable functions.

Definition 3.4. Let f : X — [0, 00] be a nonnegative measurable function. We define the integral
fX fdu of f over X with respect to p by

/ fd,u:sup{/ wdp | ¢ is simple, andO<<p<f0nX}
b's b's

Lemma 3.5. Suppose that f,g are two nonnegative measurable functions, and 0 < g < f on X.

Then
Oé/gdué/ [dp
X X

The following is an extremely important theorem in measure theory.

Theorem 3.6 (Monotone convergence theorem). Let (fi) be a sequence of nonnegative measurable

functions on X. Assume that

e 0< folx) < fi(x) < ... foreachx € X,
o limy oo fr(z) = f(x) for each x € X.

When these hold, we write fi, /* f pointwise.

Then f is measurable, and
[ pau=jim [ fedn
X k—o0 X

Corollary. Let f,g be measurable on X. THen

/Xf+gdu=/xfdu+/xgdu

Theorem 3.7. Suppose that fi is a nonnegative measurable function for k =0,1,.... Then

(&) o= E o)

Theorem 3.8. Suppose that X is a set, A is a o-algebra of subsets of X and p: A — [0,00] is a

measure. Let f be nonnegative and measurable on X. Then define py : A — [0, 00] by

uf(A)=/ fdu=/ f-ladu
A X
Then iy is a measure.

Proposition 3.9. Suppose that f is nonnegative and measurable on X, and suppose that fX fdu <
0o. Then the set {z € X | f(x) = oo} has measure 0.

Proposition 3.10. Suppose that X is a set, A is a o-algebra of subsets of X and p: A — [0, 0]
is a measure. Suppose that there is a set N € A with u(N) = 0 and suppose that some property P
holds for all x € X outside N. Then we say that the property P holds almost everywhere or for
almost all x € X.
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Proposition 3.11. Suppose that fi is a nonnegative measurable function on X for k=10,1,....

Suppose that

o0

5 (fne) <~

k=0
Then

Z < oo for almost all x € X
k=0

Proposition 3.12. Suppose that f is a nonnegative measurable function on X. Then
/ fdp=0 < f(z) =0 almost everywhere.
X

Theorem 3.13 (Fatou’s Lemma). Suppose that fi is a nonnegative measurable function on X, for
k=0,1,..., and that limg_, o fx(x) = f(2) for each x € X. Then

/deu < 1%“&&?(/)( fkdu>

3.2. Integration of real and complex valued functions.

Lemma 3.14. Let f : X — R be a measurable function, and let fT and f~ be the positive and
negative parts of f. Then f = f*—f~, and |f| = fT+ f~. Moreover, |f| is a measurable function,

and
f is integrable if and only if / |fldp < oo
X

Definition 3.15 (Integral of a complex valued function). Let f = u + iv, where u,v : X — R.

Then
/fdu:/udu—i-i/ vdp
b'e X b'e

Lemma 3.16. Let f: X — C. Then f is integrable if and only if [\ |f|dp < oc.

The next theorem is probably the most important single theorem in these notes. It has many

applications, both of a theoretical and practical nature.

Theorem 3.17 (Dominated convergence theorem). Let (fi) be a sequence of real or complex valued

measurable function on X. Assume that
o limy o fi(z) = f(x)

and that there is a measurable function g : X — [0, 00| such that
o |fr(2)| < g(x) for each k and z, and
o [ygdp< oo

Then

/fdu: lim/fkdu
X k—o00 X
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Theorem 3.18 (Bounded convergence theorem). Let (fx) be a sequence of real or complex valued

measurable function on X. Assume that

o limy o fi(x) = f(x) for each x € X,
o There exists a constant M < oo such that |fr(x)] < M for each k and z,
o u(X) < 0.

Then

/fdu: lim/fkdu
X k—o00 X

Theorem 3.19. Suppose that fr is a measurable real or complex valued function on X for k =

g:()(/xlfkldu)<oo
L(glm) dp < o0
[(&Ge) 4z ()

Definition 3.20 (Integrable function). We call f : X — K p -integrable if f is p measurable and

/leldu<oo

LY(X,K) = {f: X — K| fu-integrable}

0,1,.... Suppose that we have
or, equivalently,

Then we have

We set

Theorem 3.21. £}(X,K) is a vector space over K

Definition 3.22 (The Lebesgue-Stieltjes integral). Let F' : R — R be an increasing right continuous
function, that is lim, ,,+ F'(s) = F(t) for all ¢ € R. Then for A C R let

W r(A) = mf( Yy (F(bx) — Fla) | A S | (an, be)
k=0

keN

The p} is an outer measure inducing an inner measure on R. Then we have

e up is a Borel measure.
o pr((a,b]) = F(b) — F(a).
We then define [, fdF = [, fdur as the Lebesgue-Stieltjes integral.

Lemma 3.23. If u is a finite measure on R, then we define F(t) = u((—oo,t]) as the distribution
function of R.
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Theorem 3.24. There is a bijection from finite measures and some class of right-continuous

increasing functions.

Definition 3.25 (Measures from other measures). Let g : X — [0, oc] be a y-measurable function.
For A € A define

() = [ g
A
Then using the monotone convergence theorem one can show that v is a measure defined on A.

Moreover, if f : X — K is p-measurable, then

/deu:/ngdu

We call g the density of v with respect to pu.

Proposition 3.26. Let f € L1(X,K) with respect to the Lebesque measure. Then

/ab f(z)dx = tlairz?f /at f(z)dzx

3.3. Parameter integrals.
Definition 3.27 (Parameter integral). Let (X, A, u) be a measure space and Y a metric space.
Suppose that f: X x Y — K is such that

e x+— f(x,y) is p-integrable for all y € Y,
e y— f(x,y) is continuous at yy for almost all z € X,
e there exists g € £1(X,R) such that

|f(z,y)| < g(x)
for almost all z € X.
Define F(y) = [y f(x,y)du(x). Then F is continuous at yo € Y.
Theorem 3.28 (Differentiation of parameter integrals.). Let (X, .A,u) be a measure space and
L C R an interval. Suppose that f: X x L — R is such that

o x> f(z,y) is u-integrable for ally € Y,
° %f(x,t) exists for all t € L, for almost all x € X, and is continuous ,
e there exits g € LY (X, R) with |%f(x,t)| < g(x) for almost all x € X and allt € L.

Define F(t fX x,t)du(x). Then f: L — K is differentiable and

(0= [ Gt dnto)
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4. THE LP-SPACES

Definition 4.1 (LP-spaces). Let 1 < p < oo and f: X — K measurable. We call
1
111 = ([ 157 an)
X

LP(X)={f:X — K| f measurable, || f||, < oo

the LP-norm of f. We set

Theorem 4.2 (Holder’s inequality). Let p,q € [1,00] such that %—I—% =1. If f € LP(X) and
g € LI(X), then

| /X fadul < 1 l,lgls

Proposition 4.3 (Minkowski’s inequality). If f,g € ¢p, 1 < p < oo, then

1f+gllp < 171+ llglls

Definition 4.4 (LP-spaces). Let f ~ g if f = g almost everywhere. Denote the equivalence class
of f by [f]. Then

LP(X) =A{lf]1f € £2(X)}

Definition 4.5 (Cauchy sequence). A sequence (f,) € LP(X) is called Cauchy if for every € > 0
there exists ng € N such that

”fn - meP <€

for all n,m > ng.

Theorem 4.6 (Completeness of LP(X)). Let (f,) be a sequence in LP(X). Then (f,) converges
in LP(X) if and only if (fn) is a Cauchy sequence.

Remark. Introducing the metric d(f, g) = || f —g||,, we have that L{(X)X) is a complete normed
space or a Banach space. If p = 2, then ||f||2 is induced by an inner product - hence L?(X) is a

complete inner product space, or a Hilbert space.

Proposition 4.7. Suppose that f,, f € LP(X) with ||f, — f|| = 0. Then there exists a subsequence

(fn,) with fn, converging pointwise to f for almost every x € X.

Theorem 4.8. The simple functions are dense in LP(X) for 1 <p < co.
In RN and the Lebesque measure, we can modify the statement to the simple function with

bounded support are dense in RY.

Theorem 4.9. For1 <p < o0

span{ly |U C RN open and bounded}
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is dense in LP(RY).

We can also use bounded rectangles in the place of open bounded sets here.

Definition 4.10 (Essential supremum). Let (X, A, x) be a measure space and f : X — R p-
measurable. We call ess-supf(z) = inf{t € R|u({z € X | f(z) > t}) = 0} the essential supremum

of f. The essential supremum of |f| is denoted || f||oo
Theorem 4.11 (Completeness of L=(X)). L{(X)o0) is a complete normed space.

Lemma 4.12. Holder’s inequality holds for p=1,q = oco. That is,

[inf fgdul < | flpllgllq
Lemma 4.13. If u(X) < oo, then lim,_,« ||ull, = || f]loo
4.1. Fubini’s Theorem.
Theorem 4.14 (Tonelli). Suppose that f : R™ x R™ — [0, 00] is measurable. Then there exist sets

N CR"™ and M CR™ of measure zero such that

(i) x — f(x,y) is measurable for ally € R™ — M,
(i) y = [gn f(x,y)dz is measurable,
(iii) y— f(z,y) is measurable for all x € R™ — N,
(iv) x = [5. f(x,y)dy is measurable,

(v)
/ f(z,y)d(z,y) =
R”L XR"YL

[ ([ st )=
/Rn_N (/Rm f(%y)dy) dz

Theorem 4.15 (Fubini). Suppose that f: R™ x R™ — [0, 00| is measurable. Let N, M be the sets
from Theorem applied to the function |f| such that (v) holds with f replaced with |f|. Assume
that one of these integrals is finite - and hence all of them. Then there exists sets N1 of R™ and
My of R™ such that (i) — (v) of Theorem hold with N, M replaced with Ny, M.

Definition 4.16 (Complete measure space). Let (X, A, 1) be a measure space. We call the measure

u complete if whenever A € A has measure 0, then any subset of A is in A, (and has measure 0).

Definition 4.17 (o-finite measure space).
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5. CONVOLUTION

Definition 5.1 (Translation of a function). Let f : RY — C be a function and t € RY a fixed

vector. We define the translation operator 74 by
T f(z) = f(z —1)

Theorem 5.2 (Continuity of translation). Let 1 <p < oo and f € LP(RYN). Then
tim 7. f — fll, = 0

Remark. This does not hold if p = oc.

Lemma 5.3. Let f : RY — C be measurable and set
F]_(l‘,?j) = f(.’l?)
Fy(z,y) = fly — )

Then Fy, Fy : RN x RN — C are measurable.

Definition 5.4 (Convolution). Let f,g : RN — C be measurable. We define the convolution
fxg:RNYN — C by

(Fea)le) = [ fta=pats)dy

wherever the integral exists

Definition 5.5 (Convex function). A function ¢ : (a,b) — R is called convex if
P(As + (1= Nt) < Ap(s) + (1= N)ep(t)

for all s,t € (a,b) and all A € (0,1)

Lemma 5.6. This is equivalent to the condition

p(t) = p(s) _ plu) = e(t)
t—s - u—t

whenever a < s <t <u <b.

Theorem 5.7 (Jensen’s inequality in £P(X)-spaces). Let f € LP(X), 1 < p < oo, and let g €

LY(X). Then
([ isalan) <ot [ 157ialan
X X

Theorem 5.8 (Young’s inequality). Let 1 < p < oo. If f € LP(RY,C) and g € L*(RN,C), then

f % g exists almost everywhere and f x g € LP(RN,C). Moverover,

1 gllp < [1/11pllgll
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Theorem 5.9. Let 1 < p,q < co with % + % =1. If f € LP(RY) and g € LY(RY), then
fxg € BCRY)
where BC' is the vector space of bounded continuous functions.
5.1. Approximate identities.

Definition 5.10 (Approximate identity). Let ¢ : RN — [0, 00) be measurable with

/ pdr =1
RN

and set ¢, (z) = nNp(nx) for allz € RY and n € N. Then (i,,) is called an approximate identity
Theorem 5.11. Let (¢,,) be an approzimate identity and f € LP(RN),1 < p < co. Then
fron— f
in LP(RN) as n — oo
Theorem 5.12. Let f € L¥(RY) and (¢,)) an approzimate identity. If f is continuous at x, then
f(@) = lim (fx¢n)(z)

Definition 5.13 (Test function). Let U C RY be open. We let

lim
n— oo

C*®(U,K) ={f: U — K| f has partial derivatives of all orders}
and
CE(U,K) = {f € C=(U,K)[supp(f) € U,supp(f) compact
The functions in C¢°(U,K) are called test functions on U.

Proposition 5.14. Let f : RN — K be measurable such that f € LY(B) for every bounded set
B CRN. If p € CX(RYN), then fxp € C°(RY) and

0 B dp

Theorem 5.15. Let U C RY open and 1 < p < co. Then C°(U) is dense in LP(U).

Remark. The above proposition does not hold for p = co.

6. THE FOURIER TRANSFORM

Definition 6.1 (Fourier transform). Let f € L1(RY,C). We call

foy= [ flo)e " de
RN

Theorem 6.2. We have
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o [:RN = C is continuous,
o || flloo < IIflla

—|x|?

Proposition 6.3. Let p(z) =e . Then ||plli =1 and ¢ = .

Proposition 6.4. Let f € L'(RY,C), 29 € RN and a € R,a > 0.
(i) If g(@) = f(x = wo), then §(t) = e~ (1),
(i) If g(x) = f(ow), then §(t) = = f (%),
(iii) If g(x) = F(~x), then §(t) = F(t)
Definition 6.5. Let Co(RY,K) = {f € C(RY,K)| lim|y o f(x) = 0}, the set of continuous
functions vanishing at infinity

Theorem 6.6 (Riemann-Lebesgue). If f € L}(RY,C), then fe Co(RN,C) and ||ﬂ‘oo <|Ifll1-

Theorem 6.7. If f,g € LY(RY,C) then fxg € LY(RY,C) and
Frg=13g
Proposition 6.8. Let f,g € L*(RY,C). Then
fgde= [ fgde
RN RN

Lemma 6.9. Let o(z) = e and o, (z) = nVo(nz). Then

[Tt (L) a= (e
for all f € LY(RN,C),z GRN, and n € N.

Theorem 6.10 (Fourier inversion formula). Let f € LY(RY,C). Then
()
lim f( t)e 2miwet —r it dt ¥

n—oo RN
in LY(RYN, C).

(i) If f is continuous at x, then

lim f() 2miwet — i dt f( )

n—oo RN
Corollary. Let f,g € L*(RN) with f: g. Then f = g almost everywhere.

6.1. The Fourier transform on L?(RY). We have defined the Fourier transform fwith fe
LY(RY). We have that C2°(RY) is dense in L?(RY) as well as in L*(R"), so in particular L?(R")N
LY(RY) is dense in L?(RY). We can use this to extend the Fourier transform to L?(R"). The key

for doing so is the following theorem.
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Theorem 6.11 (Plancherel). Let f € L2(RN) N LY RYN). Then ||fll2 = || f]2-
Proposition 6.12. There is a unique coninuous linear operator
F: L2 (RY) — L*(RY)
such that Ff = f for all f € L2(RN) N L*(RN). Moreover, ||f|l2 = | Ff2 for all f € L2(RN).
Remark. We use the notation f: Ff for f € L?(RN).
Remark. Let ¢, : RN — [0,1] such that ¢, € L?(RY) and ¢p,(z) — 1 for all z € RN, If
f € L2(RY), then
f=lim [ f(e)en(x)e " d
n—oo RN
Common choices for ¢,, are
L4 CPn(I) = ]-B(O,n)v

]2
o pul@) =

Theorem 6.13. Let f € L2(RY,C). Then

~ . 2
lim Flt)ye2mimte ™ gy = f

n—roo RN
in L2(RN,C).

Theorem 6.14. F : L*(RY) — L3*(RY) is bijective with (F~1f)(z) = (Ff)(—z) for all f €
L2(RY).

Remark. Let
() = [ 1@ida
RN

denote the inner product on L?(R”"). Then the above theorem implies

(£,9)=(f.9)
Moverover, by approximating f, g by functions in L?(R¥) N L} (RY) we also have

(f.9)=(f.9)

7. THE RADON-NIKODYM THEOREM

7.1. The Reisz representation theorem. Let H be an inner product space with inner product

(z|v). Then H is a normed space with norm
Jull = v/ (ulu)

We call H a Hilbert space if H is complete with respect to ||.||, that is, every Cauchy sequence

in H converges.
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Theorem 7.1 (Projections). Let H be a Hilbert space and M C H a closed subspace of H. Let
u € H. Then there exists mg € M such that

e = ol = min lu— ]
Moreover,
(u—mylm) =0

for allme M.

Remark. Fix g € H and consider the function ¢, : H — K given by

pq(f) = (flg)

Then ¢4 is linear, and by the Cauchy-Swartz inequality,

log(f) = 1(F19)l < l7 1119l

for all f € H. We say ¢, is a bounded linear functional on H.

Definition 7.2. Let H be a Hilbert space. We call a linear operator ¢ : H — K a bounded

linear functional on H if there exists M > 0 such that

()] < M]S|
for all f € H.

Theorem 7.3 (Riesz representation theorem). Let H be a Hilbert space over K and o(H — K) a
bounded linear function. Then there exists g € H such that

o(f) = (flg)
forall f € H.

7.2. The Radon-Nikodym Theorem. Suppose that i is a measure defined on the o-algebra A

of subsets of X. Given a measurable function g : X — [0, co] we define

v(A) = /Agdu

Then v is a measure defined on the o-algebra A.
The converse does not necessarily hold - that is, given two measures p and v on a o-algebra A,

there is not always a measurable function g : X — [0, 0o] such that the above equation holds.

Definition 7.4 (Absolute continuity). Let v, u be the measures defined on a o-algebra A. We call
v absolutely continuous with respect to p if v(A) = 0 whenever p(A) = 0. In that case, we

write v << p.
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Proposition 7.5. Let u,v be measures defined on a o-albegra. Suppose that p1(X),v(X) < co. Set
A= p+v. Then there exists a measurable function h : X — [0, 00] such that

/deV:/thd)\

Theorem 7.6 (Radon-Nikodym). Let u,v be measures defined on a o-algebra. Suppose that v and

for all f € L3(X,)\)

u are o-finite and that v << w. Then there exits a measurable function g : X — [0,00) such that
v(A) = [, gdup for all A e A.

Formally we can write

/fdv=/f@dﬂ
b'e x " dp
d

d

if we define g = T’:, where g is the density function from the Radon-Nikodym theorem.

Remark. If g is the function in the Radon-Nikodym theorem, it is not hard to show that

/deu:/ngdu

8. PROBABILITY THEORY

for all f € L}(X,v).

Definition 8.1 (Random variable). Let (€2, A, P) be a probability space. A A-measurable function
X:¥—=R
is called a random variable.

Definition 8.2. Let X : ¥ — R a random variable. We say that X has finite expectation if
X € L'(X) and call

E[X] = / XdpP
the expectation of X. ;
Definition 8.3 (Distrbution). For every Borel set A C R we define
Px[A] = P[{w € Q| X (w) € A}] = P[X € 4]
Since X is measurable, X ~![A] is measurable for all Borel sets A C R.

Definition 8.4 (Distribution). Let X be a random variable. The Borel measure defined above is
called the distribution of X. The function

F(t) = Px [(—o0,t]] = P[X <]

is called the distribution function of X.
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Lemma 8.5. Let X be a random variable and let f : R — R be Borel measurable. Then

LjonP:Afﬂ&

8.1. Conditional expectation.

Definition 8.6 (Conditional expectation). Let X :  — R a random variable with finite expecta-
tion. Let Ag be a o-algebra with Ay C A. We call

Xo: 2 >R

a conditional expectation given A, if

e Xj is Ap-measurable
° fAXOdP:fAXdP for all A C Ay.
We write Xo = F[X|Ao]

Theorem 8.7. Let X be a random wvariable with finite expectation. If Ay is a o-algebra with

Ao C A, then the conditional expectation Xog = E[X|Ag] exists and is essentially unique.

Remark. o If X is Ap-measurable, then X = FE[X]|.Ay] almost everywhere.
o If we set Ay = {p, 2}, then
E[X]A] = E[X]
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